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The paper presents solutions to the problems of plane Couette 
flow, axial flow in an annulus between two infinite cylinders, and 
flow between two rotating cylinders. Taking into account energy 
dissipation and the temperature dependence of yiscosity, as given by 
Reynolds's relation 

tx = Ixo exp (-- ~T) (~o, ~ = const) . 

w h e r e  d i m e n s i o n l e s s  v a r i a b l e s  a r e  d e f i n e d  as  

Two types of boundary conditions are considered: a) the two surfaces 
are held at constant (but in general not equal) temperatures; b) one 
surface is held at a constant temperature, the other surface is in- 
sulated. 

Nonisothermal steady flow in simple conduits with dissipation of 
energy and temperature-dependent viscosity has been studied by 
several authors [i-ii]. In most of these papers [1-6] viscosity was 
assumed to be a hyperbolic function of temperature, viz. 

t 
I x=Ixra  t - { - a  e ( T - T m )  " 

Under this assumption the energy equation is linear in temperature 
and can be easily integrated. Couette flow with an exponential 
viscosity-temperature relation. 

~ = ~ - ~ T  (~o, ~=const) ;  (0.1) 

was studied in [7, 8]. Couette flow with a general g(T) relation was 
studied in (9). 

Forced flow in a plane conduit and in a circular tube with a 
general p(T) relar2on was studied in [10]. In particular, it has been 
shown in [10] that in the case of sufficiently strong dependence of 
viscosity on temperature there can exist a critical value of the pres- 
sure gradient, such that a steady flow is possible only for pressure 
gradients below this critical value. 

In a previous work [11] the authors studied Poiseuille flow in a 
circular tube with an exponential p(T) relation. This thermohydrody- 
namic problem was reduced to the problem of a thermal explosion in 
a cylindrical domain, which led to the existence of a critical regime. 
Tlae critical conditions for the hydrodynamic thermal ~explosion" and 
the temperature and velocity profites were calculated. 

In this paper we treat the problems of Couette flow, pressureless 
axial flow in an annulus, and flow between two rotating cylinders 
taking into account dissipation and the variation of viscosity with 
temperature according to Reynolds's law (0.1). The treatment of the 
Couette flow problem differs from that given in [8] in that the 
constants of integration are found by elementary methods, whereas 
in [8] this step involved considerable difficulties. The solution to the 
two other problems is then based on the Couette problem. 

1. F l o w  b e t w e e n  two  p a r a l l e l  p l a t e s .  C o n s i d e r  a 

l a y e r  of  v i s c o u s  f lu id  b o u n d e d  by  two i n f i n i t e  f l a t  

p l a t e s  y = h and y = - h .  T h e  u p p e r  p l a t e  m o v e s  wi th  

a c o n s t a n t  v e l o c i t y  V in t he  p o s i t i v e  x d i r e c t i o n .  T h e  

p l a t e s  @re h e l d  a t  c o n s t a n t  t e m p e r a t u r e s  To and  T1 

(To > TO. T h e  d i m e n s i o n l e s s  m o m e n t u m  and  e n e r g y  

e q u a t i o n s  a r e ,  t h e n ,  

d~ ( e_ O dye__ ~q/_o, ke_O ( dv ~2 a,o + \ ~ /  = o ,  (1.1) 
dTl2 

v x 
v = T - ,  0 = [3(T--  Tx), ~l = Y ,  

k -  ~oV2 _ . - - Z ] -  exp (__ ~T1). ( 1 . 2 )  

H e r e  J i s  the  m e c h a n i c a l  e q u i v a l e n t  of h e a t  and A i s  

t he  t h e r m a l  c o n d u c t i v i t y  of  the  f lu id .  T h e  b o u n d a r y  

c o n d i t i o n s  a r e  

v = l ,  O = O  at  n = t ,  

v = O ,  8 = 0 o  at  r l = - - l ,  Oo=fl(To--Td. 
(1.3) 

The  f i r s t  e q u a t i o n  in (1.1) y i e l d s  

e ' ~  / d~l = c ,  (1.4) 

w h e r e  c i s  a c o n s t a n t  of i n t e g r a t i o n .  E l i m i n a t i n g  
d v / d n  b e t w e e n  (1.1) and  (1.4),  w e  o b t a i n  

d20 / d ~  ~ + kc2e ~ = O. (1.5) 

T h i s  e q u a t i o n  a p p e a r s  in  t h e  p r o b l e m  of a t h e r m a l  

e x p l o s i o n  in a p l a n e  l a y e r  [12]. I ts  s o l u t i o n  i s  

a (1.6) 0 ~--- In ch 2 (b + ] / '~/ ,~TI)  ' 

w h e r e  a and  b a r e  c o n s t a n t s  of i n t e g r a t i o n .  S i n c e  t h e  
h y p e r b o l i c  c o s i n e  i s  an  e v e n  f u n c t i o n ,  and  s i n c e  

t h e r e  a r e  two s i g n s  in f r o n t  of the  r a d i c a l ,  we  m a y  

c h o o s e  b > 0. In t h a t  c a s e ,  in o r d e r  to  s a t i s f y  t h e  

b o u n d a r y  c o n d i t i o n s  (1.3), the  r a d i c a l  s h o u l d  be  

t a k e n  wi th  t h e  p lus  s ign .  We r e w r i t e  (1.6) in  the  

f o r m  

0 --- In a - -  2 Ineh  (b + ]/'r/,akc~ll). (1 .7)  

S u b s t i t u t i n g  (1 .7 )  i n t o  ( 1 . 4 ) ,  we o b t a i n  an  e q u a t i o n  

f o r  t he  v e l o c i t y  v 

dz) ac 

d-h- = eh, (b + g l e n )  ' 

I n t e g r a t i n g  t h i s  e q u a t i o n  and t a k i n g  a c c o u n t  of  t h e  

f i r s t  b o u n d a r y  c o n d i t i o n  in (1.3), we o b t a i n  

v = i - -  V ~  / k [th (b -}- l / 1  / ~akc 2) - -  

- -  th  ( b -}- V ' V /  ~akc~TI) ] . (1 .8)  

T h e  r e m a i n i n g  t h r e e  b o u n d a r y  c o n d i t i o n s  y i e l d  

ch,(b + VrT~akc~) = a. ch~(b--Vl/,akc ") =ae-'., 

th (b + ] / i ~  ~akc ~) __  th (b - -  1 /  ~ / sake ' )  = V "1 / 2k / a .  (1 .9)  
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These  th ree  t r a n s c e n d e n t a l  equat ions de t e rmine  the 
cons tan ts  of in tegra t ion  a, b, c. The f i r s t  two e qua -  
t ions in (1.9) yield 

th*(b + ]/~ / ~akc 2 ) = ( a - -  t ) / a, 

at the cen te r  plane,  in the second case it is found 
at the lower,  insula ted ,  plate. 

For  0 0 = 0, taking the l imi t s  of (1.7) and {1.8) for  
k ~ 0 (X ~ ~), we obtain 

0 ~ O, v = I/2 (1 + ~]), ( 1 .16 )  

th ~ (b - -  V -1 / 2akc 2) =: (ae -~176 - -  l) / ae -~ 

These ,  together  with the th i rd  equat ion in (1.9),  y ie ld  

a = t + ~ / ~k -1 (~ / ~k + e~176 - -  t) ~ . (1.10) 

F r o m  (1.10) it is c l e a r  that when k va r i e s  f rom 0 to 
o0 the value of the cons tan t  a f i r s t  monoton ica l ly  
d e c r e a s e s  to i ts  m i n i m u m  value a 0 = exp 0 o, at ta ined 
at k0 = 2 (exp 00 - 1), and then monoton ica l ly  i n c r e a s e s  
to oo. 

The f i r s t  two equat ions in (1.9) yield 

b + ] / 1 / 2 a k c  2 = In ( ] / a - ~ -  ]/a-----{~ t ) ,  (1 .11)  

b - - g l / 2 a k c 2 =  •  (]/a~Z~ + ] / a e - a . - - t ) .  

In the second of these  the logar i thm changes s ign 
when k passes  through ko. Solving (1.11), we obtain 

b = ~ / 2  [ln ( ] / a +  V a  - -  i) :t- In ( V a ~  -~ + 

i .e . ,  the solut ion to the i s o t h e r m a l  Couette flow p r o -  
b lem.  

2. Axial  flow in an annu la r  gap between two cy l in -  
de r s .  Consider  an annulus  of v iscous  fluid confined 
between two inf ini te  concen t r i c  cy l inders .  The i n n e r  
cy l i nde r  moves with a cons tan t  ve loci ty  V in the p o s i -  
t ive d i rec t ion  of the axis z and the outer  cy l inde r  is  
fixed. The rad ius  and t e m p e r a t u r e  of the i n n e r  c y l i n -  
de r  a re  R0, T~. The d imens ion l e s s  m o m e n t u m  and 
ene rgy  equat ions a re  

d-~d (e_0~ dd~)___0, ~d20 + '  ~--~gt d0 + k e _ o ( d v l  2 \_d~/=0 '  

(2.1) 

v =  -g- '  ~ = ~ i ( '  

where 0 and k a re  the s ' tme as in the f i r s t  problem.  
The boundary  condit ions are  

v = 0 ,  0 = 0  at 5=1,  

v = t ,  0 = 0  o at ~ = d ( d = R o / / h ) .  

(2.2) 

]/a-Z-g-~ - -  1)], <1.12) 

c = 1 / , ] / 2 / a k  [ln ( V a +  I / a - -  1) :t= 

(1.13) 

The upper  s ign  co r r e sponds  to k < k0,  the lower 
s ign to k > k 0. Thus,  all  cons tan ts  of i n t eg ra t ion  
have been found. We sha l l  wr i te  down the va lues  
of these  cons tan ts  for two spec ia l  cases :  

a) Both plates  a re  held at  the s a m e  t e m p e r a t u r e ,  
00 = 0. Then 

a = t - }  k / 8 ,  b - - 0 ,  

c = ] / 2 / a k l n  ( ] / a +  ] / a - -  t ) .  (1.14) 

b) The lower plate is insu la ted ,  dOdv = 0 at 77 = 
1. Subs t i tu t ing  (1.7) into this condi t ion,  we obtain 

b - -  ]/-V/~. akc ~ = O. 

Taking  account  of (1.11), we see  that  this  condi t ion  
is sa t i s f ied  by 0 0 = In a, The cons tan t s  of i n t e g r a -  
t ion  a r e  then 

a =  t § l / 2k ,  b = l / 2 1 n ( ] / a + V a - - l ) ,  

c = l / 2 ] / 2 / a k l n ( ] / ~ - f - l / - a - - t ) .  (1.15) 

In both ca se s  the m a x i m u m  t e m p e r a t u r e  is 0 = 
= In a. In the f i r s t  c a se  this  t e m p e r a t u r e  is found 

We shal l  reduce  this p rob lem to the fo rm of the 
previous  problem.  The f i r s t  equat ion in (2.1) yields 

e-~ = Cl. (2.3) 

Subst i tu t ing  (2.3) into the second equation in (2.1), 
we obtain 

d~O i dO kcl 2 
d~---r ~- ~- ~ -  -~- ~ e~ = O. (2.4) 

In t roduc ing  the va r i ab l e s  

~1 = t  -- 2 1 n ~ / l n d ,  w = i - -  v, 

we t r a n s f o r m  (2.3) and (2,4) into 

dw dq 2d20 (c-= _ c1~ d ) . (2.5) e -~  = c, ' kc2e ~  

The boundary  condi t ions  (2.2) then become 

w = i ,  0 = 0  at n = l ,  

w = 0 ,  0 = 0 0 at n = - - i .  (2.6) 

The t r a n s f o r m e d  equat ions (2.5) and boundary  c o n d i -  
t ions  (2.6) a re  iden t ica l  to the c o r r e s p o n d i n g  e q u a -  
t ions (1.4), (1.5), with the boundary  condi t ions  (1.3), 
in the Couette p r o b l e m .  

Now we can eas i ly  wri te  down the e x p r e s s i o n s  for  
the t e m p e r a t u r e  and ve loc i ty  prof i les  for  the p rob lem 
of axial  flow in an annulus  without p r e s s u r e  grad ien ts :  

O = I n a - - 2 1 n c h ( b - - c l P l / ~ . a k l n ] / @ ~ ) ,  (2.7) 
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v = V 2 a ]  k[ th  ( b - -  ~1 ,c, In d V i / ~ak) - -  r e duc e s  (3.3) and (3.4) to the f o r m  

- -  th (b - -  c~ V ~ l n  V d - / ~ ) ] .  (2 .8)  

The cons tan t s  a and b a r e  d e t e r m i n e d  f rom (1.10) a n d  
(1.12), and c, = - c / l n  d, w h e r e  c i s  g iven b y  (1.13).  

C o n s i d e r  now two s p e c i a l  c a s e s :  
a) Both c y l i n d e r s  a r e  he ld  at  the s a m e  t e m p e r a -  

t u r e ,  00 = 0. The  cons tan t s  a, b, and c a r e  given by  
(1.14). The m a x i m u m  t e m p e r a t u r e  In a is a t ta ined  
a t * / =  0, o r  } = V d .  

b) The i n n e r  c y l i n d e r  is  i n su la t ed ,  d0/d~ = 0 at  
= d. The cons t an t s  a, b, c a r e  given by  (1.15). 

F o r  O0 = 0, t ak ing  the l i m i t  k - -  0, we obtain ,  in 
a c c o r d a n c e  with (1.16), 0 ~- 0, v = i n  } / i n  d. Th is  
is  the so lu t ion  of the i s o t h e r m a l  p r o b l e m  [ 1], with 
the a p p r o p r i a t e  change in notat ion.  

3. F l o w  be tween  two r o t a t l n g e y l i n d e r s .  C o n s i d e r  
aga in  an annulus of f luid conf ined be tween  two inf in i te  
c o a x i a l  c y l i n d e r s .  Let  the i n n e r  c y l i n d e r  be  f ixed  and 
le t  the ou te r  c y l i n d e r  ro t a t e  in the d i r e c t i o n  of i n -  
c r e a s i n g  ~0 with a cons t an t  angu l a r  v e l o c i t y  ~2. The 
r a d i i  and t e m p e r a t u r e s  of the  two c y l i n d e r s  a r e  R0, 
R~ and To, T1, r e s p e c t i v e l y .  

Th is  p r o b l e m  has  a p r a c t i c a l  app l i ca t i on  in v i s -  
c o m e t r y  in the ca l cu l a t i on  of the f r i c t i o n a l  hea t ing  
of the f luid,  which is e s p e c i a l l y  i m p o r t a n t  in the 
v i s c o m e t r y  of h igh ly  v i scous  f lu ids  in which neg lec t  
of f r i c t i o n a l  hea t ing  m a y  lead  to s e r i o u s  e r r o r s .  
The  c a s e  of a hype rbo l i c  v i s c o s i t y - t e m p e r a t u r e  r e -  
la t ion was t r e a t e d  in [3]. 

The d i m e n s i o n l e s s  f o r m  of the gove rn ing  equat ions  
is  

ud~" 

The bounda ry  condi t ions  (3.2) b e c o m e  

( o ' = 1 ,  u = 0  at  ~ = i ,  

o ) ' = 0 ,  u = 0 o - - 2 1 n d  at  ~ i = - - t .  (3.7) 

Thus we have r e duc e d  this  p r o b ! e m  to the fo rm d i s -  
c u s s e d  in the f i r s t  sec t ion .  Now we can wr i t e  down 
the e x p r e s s i o n s  fo r  the t e m p e r a t u r e  and angu la r  
v e l o c i t y  p ro f i l e s  fo r  the p r e s e n t  p r o b l e m ,  

0 = In a ~ ' - -  2 Inch (b - -  c, ] / i ~ a k  In I /d-/~),  (3.8) 

~a' = t - -  V ~ - h [ t h  (b - -  ci 1 / ,  In d ]/1 / ,ak ) - -  

- -  th (b--el V~,-~2ak In Vd] r (3.9) 

The cons tan t s  of i n t eg ra t ion  a, b, c 1, as  d e t e r m i n e d  
by (I.I0), (I.12), (1.13), (3,5), and (3.6), are 

a = i + ~ l ~ k - ' ( ' l , ~ + e ~ o l d ~ - - t ) ~ ,  

In V - ~ +  V ad~e -~176 - -  t)1, 

(3.6) d~l 2 

d / .0~3 do} ' \  d-~e ~ -~()=0, 

d,0dW._,  (3.1) 

Here  ~, 0, and k a r e  the s a m e  as  in the  p r e v i o u s  
c a s e s  (in the def in i t ion  of k we use  V = i2R~). The  
b o u n d a r y  condi t ions  a r e  

w ' = t ,  0 = 0  at  ~ = t ,  

0)' = 0, 0 = 0o at  ~. = d (d = Ro]Bi). (3.2) 

The  f i r s t  equat ion  in (3.1) y i e lds  

e- ; - ~ -  = ct. (3.3) 

E l i m i n a t i n g  d ~ ' / d ~  f r o m  (3.1) by  means  of  (3.3), we 
obta in  

dlO . t dO , k c l S  e 
dr ~-T~-~ "t- - ~ - e  = 0 .  (3.4) 

The subs t i t u t i on  

0 = u +  21n~,  ~ = t - - 2 1 n g / l n d  (3.5) 

-T ln(Vad~e -~ + VadSe -~176 - -1 ) ] .  (3.10) 

The uppe r  s ign  c o r r e s p o n d s  to k < k 0 , the lower  s ign  
to k > k 0. In the p r e s e n t  c a s e  

, t  0~ ko = 2 t ~ e  - - t ) .  

The c a s e  when one of  the c y l i n d e r s  is  i n su l a t ed  
r e q u i r e s  s p e c i a l  t r e a t m e n t .  In th is  c a s e  one cannot  
avoid  the t r a n s c e n d e n t a l  s y s t e m  of equat ions  fo r  the 
cons t an t s  of in t eg ra t ion .  When the t e m p e r a t u r e  e0 
of the inner  c y l i n d e r  i s  known, then the cons tan t s  
of i n t eg ra t i on  a r e  given by (3.10). But  when the i n -  
n e r  c y l i n d e r  is  insu la ted ,  the t e m p e r a t u r e  00 is  an 
unknown v a r i a b l e ,  d e t e r m i n e d  by the condi t ion  
d0/d~ = 0 at  ~ = d. Subs t i tu t ing  (3.8)  into th is  cond i -  
t ion,  we obta in  

t h ( b +  ']2cllnd]/~2]ak)--:-cl-~} / 2 /ak .  (3.11) 

S ince ,  by  a s s u m p t i o n ,  the  f luid r o t a t e s  in the d i r e c -  
t ion of i n c r e a s i n g  ~p, then f rom {3.3) we have c 1 > 
> 0 and,  consequen t ly ,  the r i g h t  s ide  of (3.11) is  
pos i t ive .  T h e r e f o r e  the a r g u m e n t  of the hype rbo l i c  
t angen t  m u s t  be pos i t i ve .  R e t u r n i n g  to the second  
equa t ion  in (1.11), we conc lude  tha t  the l o g a r i t h m  
should  be taken  with the  plus s ign.  T h e r e f o r e  
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equat ions  (3.10) mus t  be taken with the upper  sign. 
Let  us t r a n s f o r m  equat ion (3.11). Since @ = O 0 

at ~ = d, Eq. (3.8) yie lds  

Hence 

ch ~ (b ~ 1  / 2 cl In d ],z ~ / 2ak ) = ad~e -~ �9 

th (b + x / ~ ct In d U 1 / ~ak) = 1/-1 - -  e ~ / a d  ~ . 

Using  this r e l a t ion  and subs t i tu t ing  c 1 f r o m  (3.10) 
into (3.11), we obtain 

( t  e"* ,'/, g 2 +  Iz2 -2-1 
- - -~-r  In Vad~e_8o + g ~  + l n d = 0 .  (3.12) 

This  equat ion,  t oge the r  with the e x p r e s s i o n  for  a in 
(3.10), d e t e r m i n e s  the unknown t e m p e r a t u r e  O0 of 
the inne r  cy l inder .  

Now let  us ca l cu l a t e  the to rque ,  which is a bas i c  
p a r a m e t e r  in v i s c o m e t r y .  The m o m e n t  pe r  unit 
length act ing on the ou t e r  c y l i n d e r  is  M = 2 7rR12 ~-r~0 
(R1), whe re  ~-r~0(R1) is  the tangent ia l  s t r e s s  a t  the 
s u r f a c e  of the ou te r  cy l inde r ,  equal  to 

dO)" ! 
~r~ (/71) = ~ (Tt) ~ ~ k=l .  

Us ing  (0.1) and (3.3), we obtain,  f inal ly ,  

111 = 2nRl~f~ctlxo exp (-- ~Tt). (3.13) 

In conclusion, we note the following special property of equation 
(1.5). It is known from the theory of the thermal explosion [12] that 
this equation does not admit a solution for all values of the factor 6, 
in front of the exponential, but can be solved only for values 5 < 5 , 
where 5" is a critical value (in the case of a plane layer 5" = O. 88 
for 0 o = 0). For every value of 5 there exist two solutions, i.e. 
two temperature profiles, and in the thermal explosion problem the 
solution corresponding to the higher profile is unstable. When 5 = 5" 
the two solutions coincide. 

An investigation of the function 6(k) = kc 2 in the present prob- 
lem shows that this curve reaches a maximum at some point k = k*, 
which corresponds to 8". When k passes through k* the solution passes 
from one branch to the other. The unstable solution of the thermal 
explosion problem corresponds in the present problem to an ordinary 
solution for k > k*. 
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